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Our aim in this paper is to investigate the boundedness, the persistence, the
global attractivity, the existence of periodic solutions of period 2, and the oscilla-
tory nature of solutions of the equation
x s f x , x , n s 0, 1, . . . , .nq 1 n ny1
w .2  .4where f is a continuous, positive, and decreasing function on 0, ‘ _ 0, 0 . The
results are applied to the difference equation
A 1
y s q , n s 0, 1, . . . ,nq 1 p qy yn ny1
 .where A, p, q g 0, ‘ . Q 2000 Academic Press
1. INTRODUCTION AND PRELIMINARIES
Consider the difference equation
x s f x , x , n s 0, 1, . . . , 1 .  .nq1 n ny1
with initial conditions
x , x G 0, x 2 q x 2 ) 0,y1 0 y1 0
and where the function f satisfies the following hypotheses:
 . ww .2  .4  .xH f g C 0, ‘ _ 0, 0 , 0, ‘ ;1
 .  .H f u, ¤ is decreasing in both u and ¤ ;2
 .  .H the equation x s f x, x has a unique positive equilibrium3
x s x;
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 .H there exist m, M G x such that4
f M , 0 F x and f 0, m F x . .  .
 .  .In some cases, in addition to H ] H , we will assume that f satisfies1 4
one of the following two hypotheses:
 .H There exists L G x such that, for u G L,5
g u s f f x , u , f u , x F u. .  .  . .
 .H There exists K G x such that, for all u ) K,6
G u s f f 0, u , f u , 0 ) u. .  .  . .
Our aim in this paper is to investigate the boundedness, the persistence,
the global attractivity, the existence of periodic solutions of period 2, and
 .the oscillatory nature of solutions of Eq. 1 .
The results are applied to the difference equation
A 1
y s q , n s 0, 1, . . . , 2 .nq1 p qy yn ny1
where
A , p , q g 0, ‘ . 3 .  .
Boundedness, persistence, and global asymptotic stability of solutions of
 . w xEq. 2 have been studied by DeVault et al. 3, 4 . In particular, the case
w x  w x.when p s 2 and q s 1r2 has been studied in 1 see also 5 . Further-
more, the case when p s q s 1 and some related equations can be found
w x w x w xin 6 . The following theorem summarizes the results from 3 and 4 .
 .  .THEOREM 1. Consider Eq. 2 where the condition 3 is satisfied. Then
the following statements are true:
 .  .a E¤ery solution of Eq. 2 is bounded and persists if and only if
pq F 1.
 .  x  .b If p, q g 0, 1 and A g 0, ‘ , then the unique positi¤e equilibrium
y is globally asymptotically stable.
w xRecently, DeVault and Galminas 2 considered the special case when
pq s 1 and obtained the following sufficient condition for the global
 .stability of Eq. 2 :
2 py1
2'2 1 q 4 p y 3 /
pq s 1, p ) 1, and A g 0, .p2 04 p y 4 .
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In this paper, we obtained sufficient conditions for the global attractivity
 .of solutions of Eq. 2 in cases when either p ) 1 or q ) 1. Sufficient
conditions for the existence of periodic solutions of prime period 2 have
been obtained also. Finally, we note that our general results imply the
results in Theorem 1.
 4A sequence x is said to oscillate about zero or simply to oscillate ifn
the terms x are neither eventually all positive nor eventually all negative.n
 4Otherwise the sequence is called nonoscillatory. A sequence x is calledn
strictly oscillatory if for every n G 0, there exist n ) n G n such that0 1 2 0
 4x x - 0. A sequence x is said to oscillate about x if the sequencen n n1 2
 4  4x y x oscillates. The sequence x is called strictly oscillatory about xn n
 4if the sequence x y x is strictly oscillatory.n
 4A oscillatory semicycle of x consists of a ``string'' of termsn
 4x , x , . . . , x , all greater than or equal to x, with l G y1 andlq1 lq2 m
m F ‘ and such that either l s y1 or l G 0 and x - x and either m s ‘l
or m - ‘ and x - x.mq 1
 4A negative semicycle of x consists of a ``string'' of termsn
 4x , x , . . . , x , all less than x, with k G y1 and l F ‘ and such thatkq1 kq2 l
either k s y1 or k G 0 and x G x and either l s ‘ or l - ‘ andk
x G x.lq1
The first semicycle of a solution starts with the term x and is positive if0
x G x and negative if x - x. A solution may have a finite number of0 0
semicycles or infinitely many.
2. BOUNDEDNESS AND PERSISTENCE
 .  .LEMMA 1. Assume that the hypotheses H ] H are satisfied. Then the1 4
following statements are true:
 .  .a E¤ery semicycle of a nontri¤ial solution of Eq. 1 has one or two
terms.
 .  .b If for some k G 0, x G M G x, then x - f M, 0 F x.k kq1
 .  .c If for some k G 0, x G x, then x - f x, 0 .k kq1
 .   .4d If for some k G 1, x G max M, f x, 0 , then x , x - x.k kq1 ky1
 .e If for some k G 0, x G m, then x - x.k kq2
 .  4  .Proof. a Let x be a nontrivial solution of Eq. 1 and let, for somen
 .  .k G 0, x , x - x. Then x s f x , x ) f x, x s x so the nega-ky1 k kq1 k ky1
tive semicycle has at most two terms. The case when x , x G x isky1 k
similar.
 .  .  .b If, for some k G 0, x G M, then x s f x , x - f M, 0k kq1 k ky1
F x.
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 .  .  .c If, for some k G 0, x G x, then x s f x , x - f x, 0 .k kq1 k ky1
 .   .4d Let, for some k G 1, x G max M, f x, 0 ; then x G M andk k
 .x - x. Assume for the sake of contradiction x G x. Then from ckq1 ky1
 .we have x - f x, 0 , which is a contradiction.k
 .  .  .e If for some k G 0, x G m, we have x s f x , x - f 0, mk kq2 kq1 k
F x, which completes the proof.
 .  .LEMMA 2. Assume that the hypotheses H ] H are satisfied. If for1 5
some k G 1,
x G max M , m , f x , 0 , L s P , 4 4 .  .k
then x F x - x .kq3 k
 .  .  .Proof. From Lemma 1 d , e , it follows that x , x , x g 0, x .ky1 kq1 kq2
Then
x s f x , x ) f x , x and x s f x , x ) f x , x , .  . .  .kq1 k ky1 k kq2 kq1 k k
so we obtain
x s f x , x - f f x , x , f x , x F x . .  .  . .kq3 kq2 kq1 k k k
 .From Lemma 1 a we have x G x and the proof is complete.kq3
 .  .THEOREM 2. Assume that the hypotheses H ] H are satisfied. Then1 5
 .e¤ery solution of Eq. 1 is bounded and persists.
 4  .Proof. Let x be a nontrivial solution of Eq. 1 . We will first shown
 4  .that x is bounded from above. Let P be defined by 4 , and setn
Q s f P , P and R s max f Q, Q , P . 4 .  .
 4Now, either R is an upper bound of x or x ) R, for some N G 0.n N
 4We will complete the proof by showing that x is an upper bound of x .N n
 4Otherwise there exists an increasing sequence of integers n , n ) N,i i
such that x ) x . Let k s n ) N. Without loss of generality, we mayn N 1i
assume that k ) 2. Then x ) x ) R and x , x , x , x F x .k N ky1 ky2 ky3 ky4 N
We claim that
x , x g Q, P . .ky2 ky1
  .4  .Since x ) R G max M, f x, 0 , by Lemma 1 d , it follows that x , xk ky2 ky1
 .  .- x - P. Otherwise, from Lemma 1 d , e , it follows that x - x, which isk
a contradiction.
To show that x , x ) Q, it suffices to prove that x , x - P.ky2 ky1 ky4 ky3
Suppose, for the sake of contradiction, that x G P. Then, from Lemmaky3
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2, we find x - x F x , which is impossible. Similarly, if x G P, wek ky3 N ky4
obtain x F x - x . On the other hand, x ) R G P implies x - x,ky1 ky4 k ky1
which is a contradiction.
 .  .  .Now, x , x g Q, P implies x s f x , x - f Q, Q F R,ky1 ky2 k ky1 ky2
 4and we obtain R - x - x - R, which is a contradiction. Therefore, xN k n
is bounded from above.
 4Let l be an upper bound of x . Then x F l for all n G y1, and wen n
 .  .  4have x s f x , x G f l, l ) 0. Therefore, x persists, and thenq1 n ny1 n
proof is complete.
 .Remark 1. Clearly, if the hypotheses H is replaced by f g1
ww 2 .  .x  .  .C 0, ‘ , 0, ‘ and H holds, then Eq. 1 is permanent. Indeed,2
x s f x , x F f 0, 0 for n G 0 .  .nq1 n ny1
and
x s f x , x G f f 0, 0 , f 0, 0 , n G 1. .  .  . .nq1 n ny1
3. EXISTENCE OF UNBOUNDED SOLUTIONS
 .  .  .THEOREM 3. Assume that the hypotheses H ] H and H hold.1 4 6
 .Then there exists a solution of Eq. 1 that is unbounded and does not persist.
Proof. Let the initial condition x be chosen such that x ) K. Then0 0
x s f x , x - f x , 0 , .  .1 0 y1 0
x s f x , x - f 0, x , .  .2 1 0 0
x s f x , x ) f f 0, x , f x , 0 ) x . .  .  . .3 2 1 0 0 0
  .  ..By induction, we obtain x ) f f 0, x , f x , 0 ) x .3kq3 3k 3k 3k
 4Assume, for the sake of contradiction, that x is bounded from above.3k
 4Since x is increasing, it converges. Let3k
l s lim x ) K .3k
k“‘
 .Since l ) K, from H , it follows that6
f f 0, l , f l, 0 ) l. 5 .  .  . .
 .   .  ..On the other hand, by letting k “ ‘ in 5 , we find l G f f 0, l , f l, 0
) l, which is a contradiction.
 4To complete the proof we need to show that x does not persist.n
Otherwise there exists m ) 0 such that x G m ) 0 for n G y1. Thenn
 .  .  4x s f x , x F f m, m and x is bounded from above, which is anq1 n ny1 n
contradiction.
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4. ATTRACTIVITY
In this section, we study the attractivity and stability of the positive
 .  .equilibrium x of Eq. 1 . In further text, I ; 0, ‘ denotes the maximal
interval containing x such that the function h, defined by
h x s f f x , x , f x , x , 6 .  .  .  . .
satisfies the weak negative feedback condition
h x y x x y x F 0 for every x g I. 7 .  .  . .
Also, let
a s inf I and b s sup I. 8 .
 .  .LEMMA 3. Assume that the hypotheses H ] H are satisfied. Then the1 4
following statements are true:
 .a 0 F a F x F b F ‘.
 .  .b If a ) 0, then a g I and h a s a.
 .  .c If b - ‘, then b g I and h b s b.
 .  4d If either a s x or b s x, then I s x .
 .  .  .e a ) 0 if and only if b - ‘. Then a s f b, b and b s f a, a .
 .f a s 0 if and only if b s ‘.
 .Proof. a It is trivial.
 .  .b Clearly, h x G x for a - x F x. Assume, for the sake of contra-
 .diction, that a f I. Then h a - a, and since h is continuous there exists
 .  .« ) 0 such that h x - x for x g a y « , a q « , which is a contradiction.
 .  .  .Therefore, h a G a. If h a ) a, there exists « ) 0 such that h x ) x for
 .x g a y « , a q « , so a / inf I, which is a contradiction. Consequently,
 .we obtain h a s a.
 .  .c Similar to b .
 .d Let a s x. Assume, for the sake of contradiction, b ) x. Then
w xfor all x g x, c , where x - c - b, we have
f x , x F f x , x s x , f x , x G f c, c , and h x F x . .  .  .  .  .
Furthermore,
f x , x g f c, c , x and h f x , x s f h x , h x G f x , x , .  .  .  .  .  . .  .
w  . xwherefrom follows f c, c , x ; I, which is a contradiction. The case when
b s x is similar.
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 .  .e Let 0 - a - x. Since f x, x is continuous and decreasing, we
find
w x w xf a, x , a, x s x , f a, a . . .
w  .x w xFor every x g x, f a, a , there exists the unique x9 g a, x such that
 .  .f x9, x9 s x. As a result, h x9 G x9 and
h x s h f x9, x9 s f h x9 , h x9 F f x9, x9 s x , .  .  .  .  . .  .
w  .x  .which implies x, f a, a ; I and f a, a F b.
 .   . .Assume, for the sake of contradiction, f a, a - b. Let c g f a, a , b .
Using similar arguments as above, we find
w x w xf x , c , x , c s f c, c , x ; I and a F f c, c . .  . .
 .  .Since c ) f a, a , and h a s a, we find
f c, c - f f a, a , f a, a s h a s a, .  .  .  . .
 .which is a contradiction. Therefore, b s f a, a - ‘.
The proof when b - ‘ is similar.
 .  .f Follows from e .
 4 w xCOROLLARY 1. From Lemma 3, it follows that I can be x , a, b , or
 .  .  .0, ‘ , where 0 - a - x - b - ‘, and a s f b, b and b s f a, a .
 .  .LEMMA 4. Assume that the hypotheses H ] H are satisfied. Then I is1 4
 .an in¤ariant inter¤al for Eq. 1 .
 4  .Proof. If I s x or I s 0, ‘ , it is trivial. The remaining case is when
w x  .  .I s a, b , where 0 - a - x - b - ‘, a s f b, b , and b s f a, a . Let
w xx , x g a, b . Theny1 0
x s f x , x F f a, a s b and x s f x , x G f b , b s a; .  .  .  .1 0 y1 1 0 y1
the proof is complete.
 .  .LEMMA 5. Assume that the hypotheses H ] H are satisfied. If x , x1 4 y1 0
 4g I, then the solution x is bounded and persists.n
 4 w xProof. In the case I s x the proof is trivial, and when I s a, b it
 .follows from Lemma 4, so the case when I s 0, ‘ remains. Then for
x ) x, we have
h x F x , f x , x ) f x , x , and f x , x ) f x , x . .  .  .  .  .
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We obtain
g x s f f x , x , f x , x F f f x , x , f x , x s h x F x .  .  .  .  .  . .  .
for x G x ,
 .and the hypothesis H is satisfied. From Theorem 2 the boundedness and5
 4persistence of x follows.n
 .  .THEOREM 4. Assume that the hypotheses H ] H are satisfied. Then x1 4
 4is an attractor of all solutions x with initial conditions x , x g I.n y1 0
 4  4Proof. The case when I s x is trivial, so we will assume I / x . Let
 4x , x g I. Then x is bounded and persists soy1 0 n
0 - l s lim inf x F x F m s lim sup x - ‘.n n
n“‘ n“‘
Clearly l, m g I and
h l G l and h m F m. 9 .  .  .
 4  4Let x be a subsequence of x such thatn ni
lim x s m.n q1ii“‘
Then for every « ) 0, there exists an integer N such that0
x , x ) l y « and x s f x , x - f l y « , l y « . .  .n y1 n n q1 n n y1i i i i i
 .  .Hence m F f l y « , l y « for every « ) 0, which implies m F f l, l .
Similarly,
l G f m , m . 10 .  .
The following two cases are possible:
 .Case 1. m s x. Then l G f x, x s x so l s m s x.
 4  4Case 2. m ) x. Consider the subsequence x of x such thatn ni
lim x s m. Without loss of generality, we may assume that thei“‘ n q1i
 4  4  4sequences x , x , and x are also convergent, andn n y1 n y2i i i
lim x s L , lim x s L , and lim x s L .n 1 n y1 2 n y2 3i i ii“‘ i“‘ i“‘
Clearly,
l F L , L , L F m.1 2 3
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By letting i “ ‘ in
x s f x , x , .n q1 n n y1i i i
we find
m s f L , L F f l, l . 11 .  .  .1 2
 .  .On the other hand, from 9 ] 11 , it follows that
f l, l F f f m , m , f m , m s h m F m s f L , L . .  .  .  .  . . 1 2
 .  .Therefore, f l, l s f L , L and since f is decreasing in both argu-1 2
ments,
L s L s l. 12 .1 2
 .  .Furthermore, since x s f x , x , we obtain l s f L , L . Usingn n y1 n y2 2 3i i i
similar arguments, it follows that
L s L s m. 13 .2 3
 .  .Hence 12 and 13 imply
L s l s m s x ,2
which completes the proof.
The following corollary is a consequence of Theorem 4.
 .  .COROLLARY 2. Assume that the hypotheses H ] H are satisfied. Let1 4
h x y x x y x F 0 for e¤ery x g 0, ‘ , 14 .  .  .  . .
 .where h is defined by 6 . Then x is a global attractor of all positi¤e solutions of
 .Eq. 1 .
 .COROLLARY 3. A sufficient condition for 14 to hold is that the function
 .xf x, x is nondecreasing.
Assume, for the sake of contradiction, that there exists x ) x such that
f f x , x , f x , x ) x and f x , x f f x , x , f x , x ) xf x , x . .  .  .  .  .  . .  .
 .  .  .Let y s f x, x F x - x. Then yf y, y ) xf x, x . On the other hand,
 .  .  .since xf x, x is nondecreasing and y - x, we have yf y, y F xf x, x ,
which is a contradiction. The proof when x - x is similar.
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5. PERIODICITY
In this section, we will study the existence of periodic solutions of prime
period 2. In addition to the hypotheses previously introduced, we will
assume that
 .  .2H f is differentiable on 0, ‘ .7
 .Equation 1 has a period-2 solution if and only if the system of
equations
x s f y , x , y s f x , y 15 .  .  .
  ..has a nontrivial solution different than x, x .
 .  .PROPOSITION 1. Suppose the hypotheses H ] H hold. Then the fol-1 3
lowing statements are true:
 . w .i For each x g 0, ‘ , the equation
y s f x , y .
has a unique solution.
 .  .  .ii Let y s g x , where y is the solution of y s f x, y , for gi¤en x.
w .Then g is decreasing on 0, ‘ .
 . w .iii g is continuous on 0, ‘ .
 . y1 .iv g x exists.
 .  .v g x s x.
Proof. The proof is omitted.
 .  .  .THEOREM 5. Suppose the hypotheses H ] H and H hold, and1 3 7
f x , x y f x , x ) 1, 16 .  .  .¤ u
 .  .  .  .where f u, ¤ and f u, ¤ denote partial deri¤ati¤es of f u, ¤ . Then Eq. 1u ¤
has a nontri¤ial period-2 solution.
 .   . .Proof. Let F x s x y f g x , x . Then
F 0q s 0 y f g 0q , 0 - 0, .  . .
F x s 0, .
F ‘ s ‘. .
 .  .Notice if F9 x - 0, then F x has at least two zeros x9 and x0 such
that 0 - x9 - x - x0 - ‘. Since
› f x , y › f x , y .  .
y9 s q y9
› x › y
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 .and y s g x , we find
f x , g x . .u
g 9 x s . .
1 y f x , g x . .¤
Furthermore,
F9 x s 1 y f g x , x g 9 x y f g x , x .  .  .  . .  .u ¤
f x , g x . .us 1 y f g x , x y f g x , x , .  . .  .u ¤1 y f x , g x . .¤
 .and since g x s x, we obtain
f x , g x . .u
F9 x s 1 y f g x , x y f g x , x .  .  . .  .u ¤1 y f x , g x . .¤
2f x , x .us 1 y y f x , x .¤1 y f x , x .¤
1 y f x , x y f x , x 1 y f x , x q f x , x .  .  .  . .  .u ¤ ¤ us - 0.
1 y f x , x .¤
This completes the proof.
6. APPLICATIONS
Now we will apply our results to the equation
A 1
y s q , n s 0, 1, . . . , 17 .nq1 p qy yn ny1
where
A , p , q g 0, ‘ . .
 . w x w xEquation 17 has been studied in 3 and 4 . By introducing the substitu-
 .tion x s 1ry , Eq. 17 becomesn n
1
x s , n s 0, 1, . . . . 18 .nq1 p qAx q xn ny1
 .  .  .Clearly, Eq. 17 and Eq. 18 are equivalent and we will consider Eq. 18 .
 .The positive equilibrium x of Eq. 18 is the unique positive solution of
pq1 qq1Ax q x y 1 s 0. 19 .
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The following theorem gives the conditions for local and global stability
in cases not covered by Theorem 1.
THEOREM 6. Assume that A ) 0, and either p G 1, 0 - q - 1 or p - 1,
 .q G 1. Let x be the positi¤e equilibrium of Eq. 18 and
a s q y 1 q pyq.rqq1. q ) 1 , .  .
 .  .pq1 r qq1 20 .q q 1 p q q
b s p ) 1 . . / /p q q p y 1
Then the following statements are true:
 .a The positi¤e equilibrium x is locally asymptotically stable if and only
if one of the following conditions is satisfied:
p F 1, q ) 1, A ) a , 21 .
p ) 1, q F 1, A - b ; 22 .
p , q ) 1, pq - 2 q q p , A - b . 23 .
 .b If one of the following two conditions is satisfied,
 .  .pq1 r qq11 y q p y q
p ) 1, pq F 1, A F , 24 . / /p y q p y 1
 .  .pq1 r qq1q y 1 q y p
q ) 1, pq F 1, A G , 25 . / /q y p 1 y p
then x is globally asymptotically stable.
 .Proof. a Consider the function f given by
1
f u , ¤ s . 26 .  .p qAu q ¤
pq1 qq1 .  .Since f x, x s yApx and f x, x s yqx , the linearized equa-u ¤
 .tion associated with Eq. 18 has the form
pq1 qq1z q Apx z q qx z s 0,nq1 n ny1
with the characteristic equation
2 pq1 qq1l q Apx l q qx s 0.
The positive equilibrium x is locally asymptotically stable if and only if
pq1 qq1Apx - 1 q qx - 2.
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qq1From the above it follows that qx - 1, which is equivalent to
 .1r qq11
x - . 27 . /q
qq1 qq1 .Also, we have p 1 y x - 1 q qx , that is,
qq1p y 1 - p q q x . 28 .  .
The following two cases are possible:
 .Case 1. If p F 1, then 28 is satisfied.
 .Case 2. If p ) 1, then 28 is equivalent to
 .1r qq1p y 1
x ) . 29 . /p q q
 .  .Clearly, the necessary condition for 27 and 29 to hold is pq - 2 q q p.
Consider the function
w x s Ax pq1 q x qq1 y 1. 30 .  .
 .  .  . w .Obviously, w 0 - 0, w ‘ s ‘, w x s 0, and w is increasing on 0, ‘ .
 .Condition 27 is equivalent to
 .  .  .1r qq1 pq1 r qq11 1 1
w s A q y 1 ) 0 /  /  / /q q q
 .  pyq.rqq1.and A ) q y 1 q s a .
 .Similarly, 29 is equivalent to
 .  .  .1r qq1 pq1 r qq1p y 1 p y 1 p y 1
w s A q y 1 - 0 /  / /p q 1 p q q p q q
and
q q 1  .  .pyq r qq1A - p q q s b . . .  .pq1 r qq1p y 1 .
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 .  .  .b We will apply Corollary 2. Clearly H ] H are satisfied, so it1 4
 .  .remains to show that h, defined by 6 , satisfies condition 14 . We will
 .  .assume that the condition 24 is satisfied. The proof in the case when 25
holds is similar and will be omitted. Let
H x s h x y x .  .
s f f x , x , f x , x y x .  . .
pqqp qAx q x .
s y xq pp q p qA Ax q x q Ax q x .  .
qp qc x x Ax q x .  .
s , 31 .q pp q p qA Ax q x q Ax q x .  .
where
p pyqp qy1 pyq q pyq. pyqc x s x Ax q 1 y x Ax q 1 y A. 32 .  .  .  .
Clearly,
‘ if pq - 1,
lim c x s .  1 y A if pq s 1.x“0q
 .  .Since 24 implies A - 1, we have lim c x ) 0. Furthermore, whenx “ 0q
x “ ‘,
yA pyq x p pyq. if pq - 1,
c x ; . 2pyq q p y1 yA 1 y A x if pq s 1, .
 .so lim c x s y‘. To complete the proof, it suffices to show that thex “‘
function c is nonincreasing.
We find
pyqy1p qy2 pyq pyqc 9 x s x Ax q 1 f Ax , .  .  .
where
q 2f t s t q 1 pq y 1 q p y 1 t .  .  . .
y p y q t 1yq 2 .r pyq.Ayw1yq 2 .r pyq.x q q pt ; .  .
 .c is nondecreasing if and only if f t F 0, for t ) 0. The following two
cases are possible:
 .  2 . 2Case 1. 0 - t F 1 y pq r p y 1 . Since pq - 1, p ) 1, p ) 1 ) q,
 .we find f t - 0. If pq s 1, then we only have to consider Case 2.
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 .  2 .  2 .Case 2. t ) 1 y pq r p y 1 . Then pq y 1 q p y 1 t ) 0 and the
 .inequality f t F 0 is equivalent to
p y q t 1yq 2 .r pyq. pt q q .  .21yq .r pyq.A F s h t . 33 .  .q 2t q 1 p y 1 t q pq y 1 .  . .
To complete the proof, we need to show that
min h t G A1yq 2 .r pyq. . .
2 .  .t) 1ypq r p yq
Next we find
h t p y 1 t y 1 q q .  . .
h9 t s y . 2p y q t q q pt t q 1 pq y 1 q p y 1 t .  .  .  . .
= pq y 1 p q 1 pt 2 q q q 1 p q 1 2 pq y p y q t .  .  .  .  .
qq q q 1 pq y 1 , .  . .
and since
pq y 1 p q 1 pt 2 q q q 1 p q 1 2 pq y p y q t .  .  .  .  .
q q q q 1 pq y 1 .  .
21 y pq
s y 1 y pq p q 1 p t y .  . 2 /p y 1
p y q 1 y pq
2y p y 1 1 y q q 2 1 y pq t y .  . . . 2 /  /p y 1 p y 1
2p 1 y pq p y q .  .
y - 0,2p y 1 p q 1 .  .
 .  .it follows that h has a minimum at t s 1 y q r p y 1 . Therefore,
 2 .  .1yq r pyq 1yq1 y q 1 y q p y q
h t G h s , .  / /  /p y 1 p y 1 p y 1
1 y pq
for t ) . 34 .2p y 1
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 .  .Finally, 24 and 34 imply
 2 .  .1yq r pyq .  .pq1 r qq11 y q p y q21yq .r pyq.A F  / / /p y q p y 1
 2 .  .1yq r pyq 1yq1 y q p y q
s F h t . / /p y 1 p y 1
2 .  .for t ) 1 y pq r p y 1 . The proof is complete.
In the special case when pq s 1, we have the following result.
COROLLARY 4. Assume A, p ) 0 and let
p1 p q 1
A G , p F 1, /p q 1 p
or
p1 p q 1
A F , p G 1, /p q 1 p
then the positi¤e equilibrium x of the equation
1
x s , n s 0, 1, . . . ,nq1 p 1r pAx q xn ny1
is globally asymptotically stable.
The next theorem gives sufficient conditions for existence of period-2
 .solutions of Eq. 18 .
 .THEOREM 7. If p ) 1, 0 - q - ‘, and A ) b , then Eq. 18 has periodic
solutions with prime period 2.
 .Proof. Since f is differentiable, the condition 16 becomes
qq1 pq1f x , x y f x , x s yqx q Apx ) 1. .  .¤ u
Then
p y 1
qq1 qq1 qq1p 1 y x y qx ) 1 and x - , .
p q q
which is equivalent to A ) b.
In the case when pq ) 1, there exist unbounded solutions so x is not a
global attractor. The following theorem gives sufficient conditions for
 .  .attractivity not global of Eq. 18 when pq ) 1.
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THEOREM 8. Assume that A ) 0, pq ) 1, and one of the following two
conditions is satisfied,
 .  .pq1 r qq11 y q p y q
p ) 1 G q ) 0, A - , 35 . / /p y q p y 1
 .  .pq1 r qq1q y 1 q y p
q ) 1 G p ) 0, A ) . 36 . / /q y p 1 y p
 .Let the function H be defined by 31 ; then the following statements are true:
 .  .a In addition to x, the equation H x s 0 has at least two solutions
x9 and x0 such that 0 - x9 - x - x0.
 . w x2b The set a, b is a subset of the basin of attraction of the equilib-
rium x, where
< <a s max x H x s 0 , b s min x H x s 0 . 4  4 .  .
x-x x)x
 .Proof. a We will consider only the case when p ) 1 G q. The proof
in the case q ) 1 G p is similar and is omitted. To show that H has at
least two zeros beside x, it suffices to show that the function c , defined by
 .  .32 , has zeros x9, x0 0 - x9 - x - x0 . Since pq ) 1, we have
 .  . p p2y1lim c x s yA - 0 and c x ; A x “ ‘ as x “ ‘. To com-x “ 0q
 .  .plete the proof, we need to show that 35 implies c 9 x - 0.
It is easy to see that
2qq1p y q x y p y 1 . .
c 9 x s . . 2qpx
 .We find that c 9 x - 0 if and only if
p y 1 p q 1
qq1- x - . 37 .
p y q p y q
 .  .Consider the function w defined by 30 . For 37 to hold, it suffices to
p q 1 p y 11rqq1. 1rqq1. . .  . .show that w ) 0 and w - 0. Clearly,p y q p y q
 .  .  .1r qq1 pq1 r qq1p q 1 p q 1 p q 1
w s A q y 1 ) 0, /  / /p y q p y q p y q
 .  .  .1r qq1 pq1 r qq1p y 1 p y 1 p y 1
w s A q y 1 /  / /p y q p y q p y q
 .  .pq1 r qq1p y 1 1 y q
s A y - 0, /p y q p y q
and the proof is complete.
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 .  .b From part a follows that function h satisfies the weak negative
w xfeedback condition on a, b . From Theorem 4 follows that x attracts all
 . w xsolutions of Eq. 18 with initial conditions from a, b . The proof is
complete.
Finally, for the sake of completeness, in Table I we summarize the
complete analysis of eigenvalues of the characteristic equation
2 pq1 qq1l q Apx l q qx s 0
that determine the local stability character of the positive equilibrium x.
 .Let a and b be given by 20 and
 .  .pq1 r qq1
2 2 2 2 2' '2 q q p q y 2 q p q 2 q q 2 q q p q
g s .2 2 /  /p p
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